This article is devoted to systematic analysis of double charmonium production in exclusive Z boson decays in the framework of Nonrelativistic Quantum Chromodynamic (NRQCD) and leading twist light-cone (LC) models. Theoretical predictions for branching fractions of all considered decays are presented. According to obtained results in the case of allowed by helicity suppression rule processes the effect of internal quark motion increases the branching fraction by a factor 1.5, while for forbidden reactions LC predictions are strictly zero, while NRQCD ones are significantly smaller than for allowed.
I. INTRODUCTION
Interplay of long-distance and short-distance effects in Quantum Chromodynamic (QCD) is a long-standing puzzle in the physics of elementary particles. Due to asymptotic freedom at short distances strong coupling constant α s is small, so the perturbation theory can be used to describe this region. At long distances, on the other hand, α s ∼ 1 and some nonpeturbative methods should be used.
In the field of heavy quarkonia production and decays one of such methods is the Nonrelativistic Quantum Chromodynamic (NRQCD) [1] , that exploits the fact, that heavy quark's mass m Q is large in comparison with typical scale of the strong interaction Λ QCD . As a result quark's internal velocity inside the meson v should be expected to be small and the amplitude of the process can be written as a series over this parameter. At the leading order (LO) of such expansion internal motion of the quarks is neglected completely and the coefficient, that describe the long-distance part of the interaction, can be obtained, for example, using different potential models or comparison with the experiment. It should be noted, however, that in the case of charmonia production this expansion parameter is actually not small (v 2 ∼ α c (m c ) ∼ 0.3) so there could be significant errors at the leading order. As an example one can name double charmonia production in e + e − annihilation at B-factories Belle and BaBar [2, 3] , when LO NRQCD predictions turned out to be about an order of magnitude smaller that the experimental results.
An alternative method for studying charmonia production at high energy interactions is the formalism of amplitude expansion on the light cone (LC) [4] . In this method the internal motion of the quark is described by nonpertubative distribution amplitudes and the small expansion parameter is a chirality factor m q /E, where m q and E are mass of the produced quark and typical energy of the reaction respectively. Such approach, obviously, is best suitable for description of light meson (π, ρ, etc.) production, but it can be used also for charmonium meson production at high energies. For example, mentioned above disagreement in double charmonia production at B-factories was explained in the LC framework [5, 6] . The other example is double charmonium production in exclusive bottomonia decays [7] [8] [9] . Single charmonium production in radiative Z-boson decays was also studied both in NRQCD and LC [10] [11] [12] [13] In the present paper a systematic analysis of double charmonia production in exclusive Z-boson decays is presented. In the next section we show analytical results obtained using both NRQCD and LC approaches. Helicity suppression rules are also discussed in details. Numerical predictions for the branching fractions are shown in section III and the last section is reserved for conclusion.
II. ANALYTICAL RESULTS

A. NRQCD
One of the models that can be used to describe the processes under consideration is Nonrelativistic Quantum Chromodynamics (NRQCD) [1] . This model uses the fact that heavy quark mass m c is large in comparison with typical QCD scale Λ QCD . As a result, the strong coupling constant α s (m c ) and typical squared internal quarks' ) can be considered to be small and the matrix element of the reaction is written as a series over these parameters. In more details, the hard part of the amplitude, that describe production of heavy quarkantiquark pair is calculated using perturbative QCD, while hadronization of this pair into the final meson is described by NRQCD matrix elements. It is clear that the latter part of the process is essentially nonperturbative, so some other methods should be used to obtain the numerical values of these matrix elements. In the framework of NRQCD one should take into account contributions of both color-singlet (CS) and color-octet (CO) components of the heavy quarkonium Fock state. Color-singlet matrix elements can be determined, for example, using experimental values of the widths of corresponding decays (e.g. J/ψ → µµ or χ c0,2 → γγ). The definition of CO matrix elements is more involved and we will neglect color-octet contributions in the following.
Leading order Feynman diagrams that describe double charmonia production in exclusive Z boson decays Z → Q 1 Q 2 are shown in fig. 1 . Using the projection technique, described, for example, in [14] it is easy to obtain analytical expressions for the amplitudes of the considered processes. It is convenient to define mesons' constants in the following way:
where O 1 J/ψ,hc are defined in [14] NRQCD matrix elements for S-and P -wave charmonium mesons. If we define the helicities of initial bozon and final charmonia as λ Z and λ 1,2 respectively, the squared matrix element of Z → Q 1 Q 2 reaction can be written in the form
where c V,A are vector and axial coupling constants of Zcc vertex
and C
Q1Q2
λ1λ2 coefficients are given in the appendix A. Using these relations it is easy to calculate total widths of the considered decays. In is clear, that the processes Z → η c η c and Z → χ c0 χ c0 are strictly forbidden by Boze symmetry. As for all other processes, they can be divided into two groups. The widths of the first group of processes
are not suppressed by the chirality factor
The widths of all other processes
on the other hand, are zero in r → 0 limit.
B. Selection Rules
The effect of chirality suppression can be explained using surprisingly simple arguments. It is well known, that for high energy strong interactions some selection rules, e.g. helicity conservation, should be satisfied. This rule is caused by the fact that, due to vector nature of quark-gluon vertex in massless quark limit, this interaction conserves quark's helicity. This property is true also in the case of Z-boson-quark interaction, so the same rule should be satisfied also in the case of considered reactions. Since there are only two hadrons in these reactions, we should have
where λ 1,2 are the helicities of final charmonia. From orbital momentum conservation, on the other hand, it follows that
where λ Z is the projection of Z-boson spin on the final charmonium momentum direction. It is easy to check that only λ 1 = λ 2 = 0 configuration satisfies these restrictions, so only longitudinally polarized mesons can be produced. Such configuration, however, is allowed not for all processes. In the leading twist approximation the polarization vector of longitudionally polarized particle is proportional to its momentum. If total amplitude of the process is proportional to absolutely antisymmetric tensor e αβγδ , it is actually equal to zero, since we do not have enough independent vectors. In order to quatitize this rule it is convenient to introduce so called "naturality" quantum number of the meson, defined as
where P and J are space parity and total spin of the particle. For mesons with negative naturality the quark-meson projector will contain absolutely anti-symmetric tensor. It is clear, on the other hand, in the case of positive charged parity of the final state an axial component of Z boson will be contributing and γ 5 Dirac matrix is present in the corresponding interaction vertex. As a result, allowed in the leading twist approximation processes should satisfy the following selection rule:
where C 1,2 and σ 1,2 are charge parities and naturalities of final charmonium mesons. The same rule can be formulated as naturality conservation rule if one, according to definition (27), assign the values σ Z = 1 and −1 to vector and axial components of Z-boson respectively. It is easy to check, that only the following processes satisfy listed above restrictions:
i.e. processes listed in eq. (5) - (13) . It is interesting to note, that in listed processes one of the produced mesons is η c , J/ψ or χ c1 , while the other should be either χ c0,2 or h c . Production of all other states (e.g. J/ψJ/ψ) is suppressed by mentioned above chirality suppression factor r. This fact agrees perfectly with presented in eq. (15) - (24) results.
C. Light Cone Expansion
An alternative way to consider listed above processes is light-cone expansion formalism [4] . In this approach the amplitude of the reaction is written as a series over a small light quark mass m q . It is clear, that this model is most suitable for description of light meson production in high-energy experiments. Recently, however, an attempts were made to use it also for heavy quarkonia production at B-factories Belle and BaBar at √ s ee = 10.6 GeV (see [2, 3, 5, 6] ) and agreement between obtained theoretical predictions and experimental data shows us that light-cone formalism can be used also to describe reactions with heavy quarkonium mesons. Since in Z-boson decays the characteristic energy M Z ≫ √ s ee , one can safely use this model for analysis of charmonium production in these reactions. The amplitude of the considered process can be written as a convolution
where ξ 1,2 = x 1,2 −x 1,2 are the differences between momentum fractions carried by quark and antiquark respectively, H(ξ 1 , ξ 2 ) is a short-distance part of the amplitude, that can be calculated perturbativelly, while leptonic constants f Q1,2 and distribution amplitudes (DAs) φ Q1,2 (ξ 1,2 ) describe long-distance effects and should be studied using nonperturbative methods such as QCD sum rules. The distribution amplitudes that enter in (30) are defined as
for σ-even states Q = J/ψ, χ 0,2 and
for σ-odd states Q = η c , χ c1 , and h c . In the above expressions α, β and i, j are spinor and colour indices of quark and antiquark respectively. The normalization condition for the distribution amplitudes is
for ξ-even (Q = η c , J/ψ, χ c1 ) and ξ-odd (Q = χ c0,2 , h c ) states. It is easy to check that the parity under ξ inversion is connected with the other quantum numbers of the particle by the relation
where C is the charge parity of the particle. Explicit parameterization of the distribution amplitudes can be found, for example in papers [15] [16] [17] [18] [19] and we will discuss them in detail in section III. For further usage we collect all mentioned above quantum numbers in Table I . If internal motion of quarks in meson is neglected (in the following we will refer to this limit as δ-approximation) the distribution amplitudes φ
of ξ-even and ξ-odd particles respectively. As it was noted above, the hard part of the matrix element can be calculated using perturbative QCD. At the leading order this element is described by shown in Fig. 1 diagrams. Corresponding to these diagrams matrix element takes the form
where p 1,2 are the momenta of final charmonium, ǫ Z is the initial Z-boson polarization vector, coupling constant c V,A is selected according to charge parity of the final state, and the integral I Q1Q2 is defined as follows: 
The width of Z → Q 1 Q 2 decay is equal to
It is interesting to note, that coefficient (37) is odd under the interchange ξ 1,2 ↔ −ξ 1,2 . Since, however, one of the final particles in the allowed processes (29) has ξ-even DA, while the other is ξ-odd, two terms in the integral do not cancel each other, but double the result. In δ-approximation (35) the integral in (37) are actually equal to 1, so the width of the considered process takes a simple form
where, as it was discussed above, the constant c V,A is selected according to charge parity of the final charmonium meson. It is easy to see that in r → 0 limit this relation coincide with NRQCD results (5) - (13).
III. NUMERICAL RESULTS
Let us discuss numerical predictions for the branching fractions of the reactions under consideration and start with NRQCD results. The corresponding expressions for decay widths are presented in eq. (5) - (24) . Leptonic constants F Q are given in eq. (1), (2) , where NRQCD matrix elements O 1 J/ψ,hc are equal to [14] 
These values correspond to
F χc0 = 0.057 GeV, F χc1 = 0.14, GeV, (42) F χc2 = 0.081 GeV, F hc = 0.099 GeV.
(43)
The strong coupling constant α s (µ 2 ) is parametrized as
where Λ QCD ≈ 0.2 GeV and n f = 5 is the number of active flavors. At the scale µ 2 = M 2 Z it corresponds to α s (M 2 Z ) ≈ 0.13. With presented above parameters it is easy to obtain the branching fractions of the decays, that are presented in the second column of table II.
The branching fractions in the LC framework can be calculated using relation (38), but we need to know mesonic constants f Q and distribution amplitudes to use it. This question was studied in the literature thorougly, in the following we will use the results presented in [15] [16] [17] . In particular, calculated on the scale µ = m c leptonic constants of charmonia mesons are taken to be equal to
BrLC, 10
0.14 0.6 ± 0.3 f 0.93 ± 0.4 f ± 0.06 wf 1.6 ± 0.1 wf J/ψ hc 1.5 6.1 ± 3 f 9.5 ± 5 f ± 0.6 wf 1. Table II . Branching fractions of Z → Q1Q2 decays Note, the value of c quark in LC model differs from phenomenological choice M J/ψ /2 and is equal to m c = 1.2 GeV.
In the case of δ-approximation one should use relations (35) for the distribution amplitudes. The corresponding results are shown in the third column of table II, where marked with subscript "f" errors are caused by uncertaines in the leptonic constants (45). One should note, the values of these constants differ a little bit from NRQCD case (41). It should also be noted, that in LC framework outgoing mesons are assumed to be massless, so all mass corrections are neglected. For most of the processes this correction leads to uncertainty of about 2%. In the case of Z → χ c0 χ c1 decay, however the uncertainty caused by mass neglection is about 20%.
In order to calculate the branching fractions in full LC framework some parameterization for the functions φ Q L (ξ) is required. Before we proceed to this point it is worth noting one important thing. The distribution amplitudes in eq. (30) actually depend on the scale µ, which is usually taken of the order of typical energy of the reaction. Presented in the literature results are given at the scale µ 0 = m c so we need to track the evolution of these functions to µ = M Z . In order do this it is convenient to write the function as a series over Gegenbauer polynomials
It is clear, that for ξ-even and ξ-odd distribution amplitudes only even and odd coefficients are different from zero, so n 0 = 0 and 1 in these two cases. According to [20] [21] [22] [23] evolution results to the change of coefficients
where anomalous dimensions γ n for longitudinal current are equal to
and Z scales respectively. In the case of P -wave states ξ-even curve correspond to χc1 meson, while ξ-odd one to χc0,2, hc
As a result of this evolution the width of the distribution amplitude grows, but the normalization conditions (33) are violated. If one wants to keep this normalization, it is possible to factor out the scale-dependent factor from the first term in the expansion (47) and move it to the corresponding leptonic constant. As a result of this procedure the normalization of distribution amplitudes restores, but the evolution of the corresponding leptonic constant appears
Since the first anomalous dimension γ 0 = 0, in the case of ξ-even states η c , J/ψ, and χ c1 this evolution does change the constants. In the case of ξ-odd states χ c0,2 , h c , on the other hand with the increase of the scale leptonic constant decreases. According to papers [15, 16] the distribution amplitude of S-wave charmonia can be written in the form
where c(β S ) is a normalization constant (33) and
In the case of P -wave states there are two distribution functions [17] :
for ξ-odd states and
for ξ-even. In these expressions c 1,2 (β P ) are normalization constants (33) and
In figure 2 we show these distribution amplitudes at different scales. One can see that with the increase of the scale the effective widths of the DAs increase.
The results obtained using presented above distribution amplitudes are shown in the fourth column of table II. The errors labeled with subscript "wf" in this column are caused by uncertainties in DAs parameters β S,P . In order to show the effect of internal motion of the quarks in mesons in the fifth column of that table we present the ratio of branching fractions obtained in δ-approximation and full LC. One can see, that in all allowed for leading twist approximation processes internal quark motion leads to increase of the branching fraction.
IV. CONCLUSION
The article is devoted to systematic analysis of double charmonium production in exclusive Z-boson decays. We present analytical and numerical results obtained using both Nonrelativistic Quantum Chromodynamics (NRQCD) model at color-singlet approximation and amplitude expansion on the light cone formalism. It turns out that helicity conservation rule restrict significantly the number of processes that can contribute at leading twist approximation and only longitudinally polarized mesons can be produced. Moreover, conservation of naturality quantum number sets even tighter restrictions and such processes as e.g. Z → 2J/ψ is forbidden completely at the leading twist approximation.
It is shown in the paper that NRQCD and LC results agree perfectly with each other and helicity suppression can ve clearly observed: branching fractions of the forbiden decays are suppressed by small chirality factor r = m c /M Z . Light-cone expansion formalism allows one to take into account internal motion of heavy quarks inside charmonium mesons and our calculations show that this effect results to increase of the widths by a factor about 1.5. In spite if this increase theoretical predictions for the branching fractions are tiny (of the order of 10 −12 . We hope however, that considered processes can be observed experimentally, for example at LHC collider.
As it was noted above, in our analysis we restrict ourselves to color-singlet approximation. In the forthcoming paper we plan to analyze also contribution of color-octet components. It is also worth mentioning that the recent paper [24] a new Soft Gluon Factorization method (SGF) was proposed to describe charmonia production processes. In this approach velocity expansion is treated with more accuracy, so this model could be more suitable for calculations in comparison with NRQCD approach. In our future work we plan to study considered in our paper decays in SGF framework.
where c V,A are vector and axial coupling constants of Zcc vertex (4) and F Q are NRQCD mesonic constants defined in (1) . From orbital momentum conservation it follows the λ Z = λ 1 − λ 2 . It is also evident that
Nonzero values of these coefficients are equal to
C ηcχc2 00 = β 2 r 2 + 1 2 , C
